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This paper proposes a one-dimensional (1D) reﬁned formulation for the analysis of laminated composites
which can model single ﬁbers and related matrices, layers and multilayers. Models built by means of an
arbitrary combination of these four components lead to a component-wise analysis. Different scales can be
used in different portions of the structure and this leads to a global–local approach. In this work,
computational models were developed in the framework of ﬁnite element approximations. The 1D FE for-
mulation used has hierarchical features, that is, 3D stress/strain ﬁelds can be detected by increasing the
order of the 1D model used. The Carrera Uniﬁed Formulation (CUF) was exploited to obtain advanced
displacement-based theories where the order of the unknown variables over the cross-section is a free
parameter of the formulation. Taylor- and Lagrange-type polynomials were used to interpolate the
displacement ﬁeld over the element cross-section. Lagrange polynomials permitted the use of only pure
displacements as unknown variables. The related ﬁnite element led straightforwardly to the assembly of
the stiffness matrices at the structural element interfaces (matrix-to-ﬁber, matrix-to-layer, layer-to-layer
etc). Preliminary assessments with solid model results are proposed in this paper; various numerical
examples were carried out on cross-ply symmetrical ﬁber-reinforced laminates [0/90/0] and a more com-
plex composite C-shaped model. The examples show that the proposed models can analyze laminated
structures by combining ﬁbers, matrices, layers and multilayers and by referring to a unique structural
ﬁnite element formulation.
 2012 Elsevier Ltd. All rights reserved.1. Introduction
The use of composite materials for aerospace applications is
greatly advantageous since composites have better speciﬁc proper-
ties than traditional metallic materials. A composite structure, for
instance, can be some ten times stiffer and two times lighter than
an aluminium one. This is the main reason leading to the design of
‘full composite’ structures for the most advanced aerospace
vehicles. Despite this, there are still many key problems to be
considered for a more rational use of composite materials such
as fatigue and the characterization of failure mechanisms. A better
understanding of these key problems in composite structure appli-
cations demands enhanced analysis capabilities in various ﬁelds.
Among these, the present work proposes enhanced structural
capabilities to detect accurate stress/strain ﬁelds in the matrix,
ﬁbers, layers and interfaces of composite layered structures with
low computational costs.ll rights reserved.
ospace Structures and Aero-
Engineering, Politecnico di
taly. Tel.: +39 011 090 6836;
ra), marianna.maiaru@polito.Many techniques are available to compute accurate stress/
strain ﬁelds in the various components of a laminated structure
(i.e. ﬁbers, matrices and layers); these techniques are brieﬂy dis-
cussed hereafter. The natural manner of reﬁning the analysis of
1D and 2D components consists of using 3D solid ﬁnite elements.
These elements can be employed to discretize single components
(ﬁbers and matrices) or to directly model the layer of a laminated
structure; ﬁbers and matrices can be modeled as independent ele-
ments or they can be homogenized to compute layer properties.
Due to the limitations on the aspect ratio of 3D elements and to
the high number of layers used in real applications, computational
costs of a solid model can be prohibitive.
Classical theories which are known for traditional beam (1D)
and plate/shell (2D) structures have been improved for application
to laminates. There are many contributions based on different
approaches: higher-order models (Kant and Manjunath, 1989;
Kapania and Raciti, 1989), zig–zag theories (Lekhnitskii, 1935;
Ambartsumian, 1962; Reissner, 1984; Carrera, 2003) and layer-
wise (LW) approaches (Robbins and Reddy, 1993; Carrera, 1998;
Carrera and Petrolo, 2012b). So-called global–local approaches have
also been developed by exploiting the superposition of Equivalent
Single Layer models (ESL) and LW (Mourad et al., 2008), or by using
the Arlequin method to combine higher- and lower-order theories
(Ben Dhia and Rateau, 2005; Biscani et al., 2011).
Fig. 1. Component-wise approach for layers, ﬁbers and matrices.
Fig. 2. Coordinate frame.
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cently been conducted as in Mergheim (2009); one of the most
important results is that ‘‘processes that occur at a certain scale
govern the behavior of the system across several (usually larger)
scales’’ (Lu and Kaxiras, 2005). This result implies that the develop-
ment of analysis capabilities involving many scale levels is neces-
sary in order to properly understand multi-scale phenomena in
composites. Various spatial and temporal multiscale methods for
composite structures have recently been described by Fish (2011)
including concurrent and information-passing schemes, block cy-
cles and temporal homogenization approaches. Another excellent
overview on multiscale simulations was made by Lu and Kaxiras
(2005). Other recent studies (Kwon, 2004; Fish, 2011; Lu and Kax-
iras, 2005) have proposed the use of the molecular dynamic anal-
ysis at nano-scale level, Representative Volume Elements (RVE)
at micro-scale level and structural elements (e.g. solids, beams,
plates or shells) at macro-scale level. Various multiscale linear
and non-linear techniques can be found in literature for different
loading conﬁgurations, focused on the prediction of failure pro-
cesses (Zhang and Zhang, 2010; Gonzalez and LLorca, 2006). Mul-
tiscale approaches have been exploited to examine the failure
behavior of ﬁber-reinforced laminates subjected to static loading
conditions in Alfaro et al. (2011). The ‘Generalized Method of Cell’
(GMC) developed by Paley and Aboudi (Aboudi, 1991; Paley and
Aboudi, 1992; Aboudi, 1994) considers ﬁber and matrix subcells
as periodic repeating unit cells or Representative Volume Ele-
ments. GMC was used by Pineda and Waas for the multiscale fail-
ure analysis of laminated composite panels subjected to blast loads
(Pineda and Waas, 2009) and for the progressive damage and fail-
ure modeling of notched laminated ﬁber reinforced composites
(Pineda et al., 2009). An accurate GMC description can be found
in Arnold et al. (1999). Two-and three-scale domain decomposi-
tions were used by Allix et al. (2011) for delamination analysis. A
laminated composite structure was divided into two meso-constit-
uents-substructures and interfaces-whose behavior was derived
from the homogenization of micromodels. A two-level domain
decomposition method was proposed by Ladeveze et al. (2001)
as a computational strategy for the analysis of structures described
up to micro-level. In this approach, the unknowns are split into a
set of macroscopic quantities, related to the macro-scale, and a
set of additive quantities related to the micro-scale. The LATIN
method was used as the iterative strategy. This approach was
tested on ﬁber-reinforced composite and honeycombs under the
assumption of plane strains. Some applications on the damage mi-
cro-model of ﬁber-reinforced laminated composites were reported
in Ladeveze and Nouy (2003) and Ladeveze et al. (2006).
The most critical issues of many multiscale approaches pro-
posed in literature are related to the high computational costs
required (in some cases hundreds of million of degrees of freedom)
and the need for material properties at nano-, micro- and macro-
scale. These aspects can affect the reliability and applicability of
these approaches.
The method proposed in this paper is referred to as component-
wise and it is based on higher-order 1D models. ‘Component-wise’
means that each typical component of a composite structures (i.e.
layers, ﬁbers and matrices) can be separately modeled by means of
a unique formulation. Moreover, in a given model, different scale
components can be used simultaneously, that is, homogenized
laminates or laminae can be interfaced with ﬁbers and matrices.
This permits us to tune the model capabilities by (1) choosing in
which portion of the structure a more detailed model has to be
used; (2) setting the order of the structural model to be used. A
description of the present model capabilities is provided in Fig. 1
where different components (layers, ﬁbers and matrices) are
assembled. Such a model could be seen as a ‘global–local’ model
since it can be used either to create a global model by consideringthe full laminate or to obtain a local model to detect accurate
strain/stress distributions in those parts of the structure which
could be most likely affected by failure. In other words, the present
modeling approach permits us to obtain progressively reﬁned
models up to the ﬁber and matrix dimensions.
The models adopted in this paper were derived through the
Carrera Uniﬁed Formulation (CUF). In the framework of CUF, it is
possible to model laminates, ﬁbers and matrices using only 1D
elements, with a signiﬁcant reduction of DOFs involved. Laminate’s
inhomogeneity and anisotropy are accounted for by separately
modeling each component at its own scale level. CUF 1D models
have recently been developed (Carrera and Giunta, 2010; Carrera
et al., 2011a) and two classes of models were proposed, the
Taylor-expansion class (TE) and the Lagrange-expansion class
(LE). TE models exploit N-order Taylor-like polynomials to deﬁne
the displacement ﬁeld above the cross-section with N as a free
parameter of the formulation. Static (Carrera et al., 2010a,b;
Carrera et al., 2012) and free-vibration analyses (Carrera et al.,
2011b; Carrera et al., in press; Petrolo et al., in press) showed the
strength of CUF 1D models in dealing with arbitrary geometries,
thin-walled structures and local effects. Moreover, asymptotic-like
analysis leading to reduced reﬁned models was carried out by
Carrera and Petrolo (2011).
The LE class is based on Lagrange-like polynomials to discretize
the cross-section displacement ﬁeld. LE models have only pure
displacement variables. Static analysis on isotropic (Carrera and
Petrolo, 2012a) and composite structures (Carrera and Petrolo,
Fig. 3. TE and LE assembly schemes.
Fig. 4. L9 cross-section element.
Fig. 5. L6 cross-section element.
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cross-sections, arbitrary boundary conditions and obtaining
layer-wise descriptions of the 1D model.
Different structural models were analyzed in this work, a single
ﬁber-matrix cell, a cross-ply symmetric laminate [0/90/0] and a
composite C-shaped beam. Results were evaluated in terms of dis-
placement and stress distributions above the cross-section. This
paper is a companion work by Carrera et al. (submitted for publi-
cation) where a comprehensive study of unit cell structures wasperformed and comparisons with solid models were provided. This
paper in organized as it follows: a brief theoretical introduction to
the present formulation is given in Section 2, numerical examples
are carried out in Section 3 and main conclusions are drawn in
Section 4.
2. CUF 1D formulation
The transposed displacement vector is deﬁned as
uðx; y; zÞ ¼ fux uy uzgT ð1Þ
where x, y, and z are orthonormal axes as shown in Fig. 2. Stress, r,
and strain, , components are grouped as follows:
rp ¼ frxx ryy rzz rxy rxz ryzgT ; p ¼ fxx yy zz xy xz yzgT
ð2Þ
Linear strain–displacement relations are used,
 ¼ Du ¼ ðDy þ DXÞu ð3Þ
where
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Constitutive laws are exploited to obtain stress components,
r ¼ C ð5Þ
The components of C are the material coefﬁcients whose explicit
expressions are not reported here for the sake of brevity, they can
be found in Reddy (2004).
2.1. Hierarchical higher-order models, TE and LE classes
In the CUF framework, the displacement ﬁeld is the expansion
of generic functions, Fs,
u ¼ Fsus; s ¼ 1;2; . . . ;M ð6Þ
where Fs vary above the cross-section. us is the displacement vector
and M stands for the number of terms of the expansion. According
to the Einstein notation, the repeated subscript, s, indicates
summation. The choice of Fs determines the class of 1D CUF model
adopted.
Fig. 6. Single Fibre–Matrix cross-section.
Fig. 7. L9 + L6 distribution of the unit cell cross-section.
Table 1
Displacement values for the single cell model.
Model uz  102 Loading Point mm DOFs
Classical beam model
EBBT 7.811 363
TBT 7.835 605
TE
N = 1 7.835 1089
N = 2 7.774 2178
N = 3 7.777 3630
N = 4 7.794 5445
N = 5 7.795 7623
N = 6 7.800 10164
N = 7 7.800 13068
N = 8 7.804 16335
LE
12 L9 + 8 L6 7.933 7533
SOLID
7.818 268215
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mial expansions, xizj, of the displacement ﬁeld above the cross-sec-
tion of the structure (i and j are positive integers). The generic N-
order displacement components are then expressed by
ux ¼
PN
Ni¼0
PNi
M¼0
xNMzMuxNðNþ1ÞþMþ1
2
 
uy ¼
PN
Ni¼0
PNi
M¼0
xNMzMuyNðNþ1ÞþMþ1
2
 
uz ¼
PN
Ni¼0
PNi
M¼0
xNMzMuzNðNþ1ÞþMþ1
2
 
ð7Þ
The order N of the expansion is arbitrary and is set as an input of the
analysis. A convergence study is usually needed to choose N for a
given structural problem. For example, the second-order model,
N = 2, has the following kinematic model:
ux ¼ ux1 þ xux2 þ zux3 þ x2ux4 þ xzux5 þ z2ux6
uy ¼ uy1 þ xuy2 þ zuy3 þ x2uy4 þ xzuy5 þ z2uy6
uz ¼ uz1 þ xuz2 þ zuz3 þ x2uz4 þ xzuz5 þ z2uz6
ð8Þ
The 1D model described by Eq. (8) has 18 generalized displacement
variables; three constant, six linear, and nine parabolic terms. Clas-
sical beam theories, Euler–Bernoulli (EBBT) and Timoshenko (TBT),
can be obtained as particular cases of the N = 1 model, as shown in
Carrera et al. (2010a).
The Lagrange Expansion class (LE) exploits Lagrange polynomi-
als to build 1D reﬁned models. In this paper, two types of cross-
section polynomial sets are adopted, nine-point elements, L9, and
six-point elements, L6. These elements are shown in Figs. 4 and
5, respectively. The isoparametric formulation is exploited to deal
with arbitrary shaped geometries. The L9 interpolation polynomi-
als are given by Onate (2009)
Fs ¼ 14 ðr
2 þ rrsÞðs2 þ sssÞ s ¼ 1;3;5;7
Fs ¼ 12 s
2
sðs2  sssÞð1 r2Þ þ
1
2
r2sðr2  rrsÞð1 s2Þ s ¼ 2;4;6;8 ð9Þ
Fs ¼ ð1 r2Þð1 s2Þ s ¼ 9
where r and s range from 1 to +1 and where rs and ss are the nat-
ural coordinates of the interpolation points above the cross-section.
The displacement ﬁeld given by an L9 element isux ¼ F1ux1 þ F2ux2 þ F3ux3 þ F4ux4 þ F5ux5
þ F6ux6 þ F7ux7 þ F8ux8 þ F9ux9
uy ¼ F1uy1 þ F2uy2 þ F3uy3 þ F4uy4 þ F5uy5
þ F6uy6 þ F7uy7 þ F8uy8 þ F9uy9
uz ¼ F1uz1 þ F2uz2 þ F3uz3 þ F4uz4 þ F5uz5 þ F6uz6
þ F7uz7 þ F8uz8 þ F9uz9 ð10Þ
where ux1 ; . . . ;uz9 are the displacement variables of the problem and
represent the pure displacement components of each of the nine
points of the L9 element. This means that LE models provide ele-
ments that have only pure displacement variables. L6 models are
obtained in the same manner, the explicit expression of these poly-
nomials are not reported here, they can be found in Onate (2009).
2.2. FE formulation and the fundamental nucleus
The FE approach was adopted to discretize the structure along
the y-axis, this process was conducted via a classical ﬁnite element
methodology based on the Principle of Virtual Displacements. The
shape functions, Ni, and the nodal displacement vector, qsi, are
used and the displacement vector becomes
uðx; y; zÞ ¼ NiðyÞFsðx; zÞqsi; i ¼ 1;2; . . . ;K ð11Þ
with
qsi ¼ quxsi quysi quzsi
n oT
ð12Þ
Table 2
Stress values for the single cell model.
Model ryy Point A ryy Point B ryz Point C
102 MPa 101 MPa
Classical beam model
EBBT 9.469 7.102 1.962
TBT 9.469 7.102 1.962
TE
N = 1 9.469 7.102 1.962
N = 2 9.358 7.019 2.311
N = 3 9.358 7.019 2.464
N = 4 9.327 7.090 2.454
N = 5 9.327 7.090 2.375
N = 6 9.315 7.105 2.373
N = 7 9.315 7.105 2.304
N = 8 9.346 7.117 2.301
LE
12 L9 + 8 L6 9.450 7.046 2.500
SOLID
9.492 7.094 2.383
Fig. 8. Double Fibre–Matrix cross-section.
Fig. 9. L9 + L6 distribution of the double cell cross-section.
Table 3
Displacement values for the double cell model.
Model uz  102 Point A, B mm DOFs
Classical beam model
EBBT 3.906 363
TBT 3.917 605
TE
N = 1 3.917 1089
N = 2 3.868 2178
N = 3 3.869 3630
N = 4 3.879 5445
N = 5 3.879 7623
N = 6 3.885 10164
N = 7 3.885 13068
N = 8 3.887 16335
LE
20 L9 + 16 L6 3.958 12555
SOLID
3.901 536430
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brevity, the explicit forms of the shape functions, Ni, are not re-
ported here, they can be found in Bathe (1996). Elements with 4
nodes (B4) were used in this paper, that is, a cubic approximation
along the y axis was adopted.
The stiffness matrix is obtained via the Principle of Virtual
Displacements,
dLint ¼ dLext ð13Þ
Lint stands for the strain energy and Lext is the work of the external
loadings. d stands for the virtual variation. The virtual variation of
the strain energy is given bydLint ¼
Z
V
ðdTrÞdV
¼
Z
V
dqTsi D
TðNiðyÞFsðx; zÞIÞ
h i
C DðNjðyÞFsðx; zÞIÞ
 
qsjdV ð14Þ
By introducing Eq. (3) in Eq. (14), it is possible to rewrite the virtual
variation of Lint as
dLint ¼ dqTsi
Z
V
ðDXþDyÞTðFsðx;zÞNiðyÞIÞ
h i
C ðDXþDyÞðNjðyÞFsðx;zÞIÞ
 
dV

qsj
¼ dqTsi
Z
l
ðNiðyÞ
Z
X
DTXðFsðx;zÞIÞ
h i
C DXðFsðx;zÞIÞ½ dX
 
NjðyÞÞdy

þ
Z
l
ðNiðyÞ
Z
X
DTXðFsðx;zÞIÞ
h i
CFsðx;zÞdX
 
DyðNjðyÞIÞÞdy
þ
Z
l
ðDTyðNiðyÞIÞ
Z
X
Fsðx;zÞC DXðFsðx;zÞIÞ½ dX
 
NjðyÞÞdy
þ
Z
l
ðDTyðNiðyÞIÞð
Z
X
Fsðx;zÞCFsðx;zÞdXÞDyðNjðyÞIÞÞdy

qsj ð15Þ
where X is the cross-section domain. The variation of the internal
work is then written by means of the CUF fundamental nucleus,
dLint ¼ dqTsiKijssqsj ð16Þ
Kijss is the stiffness matrix in the form of the fundamental nu-
cleus. The explicit forms of the 9 components of Kijss are not
reported here, they can be found in Carrera and Petrolo (2012b).
No assumptions on the approximation order have been done to
obtain the fundamental nucleus. It is therefore possible to obtain
reﬁned 1D models without changing the formal expression of the
nucleus components. This is the key-point of CUF which permits,
with only nine FORTRAN statements, to implement any-order
one-dimensional theories.
The work of the external forces, dLext can be expressed as
dLext ¼
Z
V
duTeFdV ¼ dqTsi
Z
V
NiðyÞFsðx; zÞeFdV ¼ dqTsiPsi ð17Þ
where eF is the generic load and Psi is the vector of the nodal forces.
The global stiffness loading and unknowns arrays can be indi-
cated as eK; eF and q, respectively. The following linear algebraic
system must be solved:
eKq ¼ ~P ð18Þ
Table 4
Stress values for the double cell model.
Model ryy Point E ryy Point F ryz Point C
102 MPa 101 MPa
Classical beam model
EBBT 4.734 3.551 0.981
TBT 4.734 3.551 0.981
TE
N = 1 4.734 3.551 0.981
N = 2 4.679 3.509 1.591
N = 3 4.679 3.509 1.771
N = 4 4.625 3.513 1.759
N = 5 4.625 3.513 1.655
N = 6 4.641 3.552 1.670
N = 7 4.641 3.552 1.590
N = 8 4.664 3.556 1.583
LE
20 L9 + 16 L6 4.647 3.522 1.584
SOLID
4.744 3.546 1.519
Fig. 10. Geometry of the laminated plate.
Fig. 11. Different modeling approaches for the laminate.
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The present modeling approach is described as Component-Wise
because it allows us to model each typical component of a compos-
ite structure through the 1D CUF formulation. In a ﬁnite elementframework, for instance, this means that layers, ﬁbers and matrices
are modeled by means of the same 1D ﬁnite element and therefore,
with no need for ad hoc formulations for each component. In other
words, the same Kijss is used for each component. Fig. 1 provides a
description of a possible modeling approach. A four-layer plate is
Table 5
Transverse displacement, at ½b=2; L;0, and axial stress, at ½0:5;0;0:2, of the
laminate.
Model uz mm ryy  102 MPa DOFs
TE
1 9.630 5.708 5445
2 10.223 7.564 5445
3 9.921 7.766 5445
4 9.675 7.295 5445
LE
1 9.629 5.758 1008
2 9.927 7.495 7344
3 9.775 7.418 9024
4 9.666 7.264 6192
Table 6
Shear stress, rxy MPa, at two different points of the laminate, A[0.8, 0, 0] and B [0.55,
0, 0.2], LE models.
Model rAXY r
B
XY
1 1.579 0.363
2 0.512 0.641
3 0.513 0.660
4 1.569 0.716
E. Carrera et al. / International Journal of Solids and Structures 49 (2012) 1839–1851 1845considered and, in top-to-bottom order, the components consid-
ered are the following: the ﬁrst two layers, ﬁbers and matrix of
the third layer, the third ﬁber–matrix cell of the bottom layer
and its remaining layer portions. Each component is consideredLagrange
Taylor
-1000 -500  0  500  1000
σYY [N/mm
2]
-0.3
-0.2
-0.1
 0
 0.1
 0.2
 0.3
z 
[m
m
]
Lagrange
Taylor
-1000 -500  0  500  1000
σYY [N/mm
2]
-0.3
-0.2
-0.1
 0
 0.1
 0.2
 0.3
z 
[m
m
]
Lagrange
Taylor
-1000 -500  0  500  1000
σYY [N/mm
2]
-0.3
-0.2
-0.1
 0
 0.1
 0.2
 0.3
z 
[m
m
]
Lagrange
Taylor
-1000 -500  0  500  1000
σYY [N/mm
2]
-0.3
-0.2
-0.1
 0
 0.1
 0.2
 0.3
z 
[m
m
]Fig. 12. Axial stress ryy alowith its own geometrical and material characteristics. In general it
can be stated that the CW approach can model a single layer in the
following ways:
1. As a layer (as the ﬁrst two layers in Fig. 1).
2. As a ﬁber–matrix system (as the third layer in Fig. 1).
3. As a combination of layers and ﬁber–matrix cells (as the fourth
layer in Fig. 1).
These three options can be easily extended to multiple layers as
shown in Fig. 1. Each domain (e.g. matrix, ﬁbers, layers) is modeled
by means of CUF 1D models, this means that the stiffness matrices
of matrix, ﬁbers, layers, etc. are formally identical and, thus, they
can be directly assembled. Also, the material characteristics of each
component can be separately assigned with no need for homogeni-
zation. A typical application of the component-wise method (CW)
is based on the following analysis approach:
1. For a given composite structure, structural analysis is ﬁrst
conducted via classical methods (i.e. equivalent single layer or
layer-wise).
2. The most critical zones of the structures are detected (e.g. those
zones where stress values are critical).
3. The component-wise approach is then exploited for those crit-
ical portions in order to obtain more precise stress ﬁelds with
acceptable increments of computational costs.
Independently of the choice of the components to model, both
TE and LE can be used. Fig. 3 shows the matrices assembly adoptedng z at x = 0.3, y = 0.0.
Fig. 13. Shear stress, ryx , distribution above the cross-section at y = 0, laminated beam, LE models.
a
b
1846 E. Carrera et al. / International Journal of Solids and Structures 49 (2012) 1839–1851in this paper. In the case of TE, the number of unknown variables is
given by the order of the 1D model adopted; if LE is adopted, the
number of variables will also depend on the number of L-elements
assembled.-45/45
-45/45
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Fig. 14. Geometry of the C-shaped cross-section.3. Results
Numerical examples have been carried out on three different
structural models. First, a single ﬁber–matrix cell was considered
and a solid model adopted for comparison purposes. Then, a mul-
tilayered plate was considered by means of the different modeling
approaches offered by the present formulation. Finally, a compos-
ite C-shaped beam was analyzed. In order to be able to provide
comparisons between different CW models, the material proper-
ties of laminae were retrieved from those of the constituent ﬁbers
and matrices by means of the Rule of Mixtures.
3.1. Single and double cell analysis
This section deals with the preliminary analysis of structural
units which can be considered as ﬁber–matrix cells. The aim of this
analysis is to assess the simple structural layouts which will be
exploited in subsequent sections for more complex and realistic
structures.
First, a single cell unit was considered. A description of the
cross-section of this model is given in Fig. 6. The cell is square with
b = 0.1 mm, d = 0.08 mm and L/b = 10 where L is the length of the
structure. Isotropic materials were chosen for this preliminary
assessment in order to provide straightforward comparisons with
solid models. The Young modulus of the cylindrical component,
E, is equal to 202.038 GPa and the Poisson ratio, m, is equal to
0.2128. The surrounding portion of the structure was also consid-ered isotropic with E = 3.252 GPa and m ¼ 0:355. The structure was
clamped at y = 0 while a vertical point load, Fz ¼ 0:1 N, was ap-
plied at ½b=2; L; 0. Results were obtained by means of TE, LE and
SOLID models. In the case of TE, a 40 B4 mesh along the y-axis
was adopted and the effect of the order of the beam models was
analyzed. The LE cross-section discretization is shown in Fig. 7
and, in this case, a 10 B4 mesh was used. Both discretizations were
chosen on the basis of convergence analyses carried out in previous
works. The SOLID model was implemented in ANSYS.
Fig. 15. Description of the modeling approaches for the C-shaped beam.
Table 7
Cross-section dimensions of the C-shaped cross-section.
mm
a 18
b 9.4
c 8.6
h 18
t 17.4
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verse displacement ðuzÞ and axial and shear stress (ryy and ryz).
uz was evaluated at the loading point while ryy was evaluated at
Point A ½b=2; L=2; d=2 and Point B ½b=2; L=2;0:03, the shear stress
ryz was evaluated at Point C ½0:01; L=2; d=2. The last column of
the table shows the number of degrees of freedom (DOFs) of each
model.
The second assessment was carried out on a double cell model.
The cross-section of the model is shown in Fig. 8 and it is composed
of two single cells which have the same material and geometrical
characteristics of the cell analyzed previously (i.e. a = 0.2 mm and
L/b = 10). Results were obtained by means of TE, LE and SOLID
models. In the case of TE, a 40 B4 mesh along the y-axis was
adopted. With LE, a 20 L9 + 16 L6 mesh above the cross-section
(Fig. 9) and a 10 B4 mesh along the y-axis was used. The structure
was clamped at y = 0 while two vertical point loads, Fz ¼ 0:05 N,
were applied at Point A ½a=4; L; b=2 and Point B ½3a=4; L; b=2. Re-
sults are given in terms of displacements and stress in Tables 3
and 4. Displacements were evaluated at the loading points, the ax-
ial (ryy) and shear ðryz) stresses were evaluated at Points E
½a=4; L=2;0:04, F ½3a=4; L=2;0:03 and C ½0:01; L=2;0.
The analysis of the results suggests the following:1. There is a general good agreement between the solution
obtained through the proposed models and the SOLID model.
2. The beneﬁcial effect of higher-order 1D models on the accuracy
of the solution is evident both for displacements and stresses.
As the order increases, that is, as the free parameter of CUF
1D models is increased, the 1D solution becomes closer and clo-
ser to the solid model.
3. From the convergence analysis on TE models, it is important to
underline how the even higher-order terms are fundamental to
detect transverse displacements and axial stresses, whereas the
odd higher-order terms play a more signiﬁcant role in the
detection of shear stresses.
Table 8
Vertical displacement, uz  102 mm, at the loading point of the C-shaped beam, ﬁrst
loading case.
Model uz DOFs
TE
1 1.907 5445
2 1.907 5445
3 1.907 5445
4 1.920 5445
LE
1 2.000 6909
2 2.003 10143
3 2.003 10143
4 2.024 48438
Table 9
Axial stress, ryy MPa, at ½a=2; 0;h=2, C-shaped beam, ﬁrst loading case.
Model ryy DOFs
TE
1 2.177 5445
2 2.177 5445
3 2.175 5445
4 2.147 5445
LE
1 2.283 6909
2 2.293 10143
3 2.282 10143
4 2.053 48438
Model 1
Deformed cross-section
Fig. 16. Deformed free-tip cross-section via model 1, ﬁrst loading case.
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order model, N ¼ 4, should be employed for this kind of struc-
tural problems.
5. As far as LE models are concerned, an appropriate distribution
of L-elements is very effective in the detection of solid models
solutions. A more detailed analysis of the effects of L-element
distributions can be found in Carrera and Petrolo (2012a),
6. The computational costs of the 1D models proposed are very
lower than those required for the SOLID model.
The preliminary assessments presented in this section proved
the reliability of CUF 1Dmodels for this kind of structural problems
if compared to solid models. It is assumed that if CUF 1D models
are able to detect accurate stress ﬁelds of unit cells standing alone,
they will also be able to analyze unit cells embedded in more
sophisticated structural conﬁgurations given that CUF 1D models
are able to accurately analyze complex composite structures. Com-
prehensive comparisons campaigns between solids/shells and CUF
1D models have been conducted in previous works of the same
authors including assessments on laminates and longerons (Carre-
ra and Petrolo, 2012b). Results from those assessments showed
that CUF 1D models are able to deal with complex structural mod-
els with very high accuracy and low computational costs.Fig. 17. Transverse displacement distribution above the free-tip cross-section via
Model 4, ﬁrst loading case.3.2. Cross-ply laminate
This section deals with to the structural analysis of a cantile-
vered laminated beams.
The geometry of this model is described in Fig. 10. The length of
the beam, L, is 40 mm, the height (h) and the width (b) 0.6 mm and
0.8 mm respectively. Fibers weremodeledwith a circular cross-sec-
tion, with a diameter, d, of 0.2 mm. Four ﬁbers per layer were con-
sidered. A point-load, Fz, was applied at ½b=2; L;0; Fz ¼ 50 N.
Fibers were considered orthotropic, with EL ¼ 202:038 GPa;
ET ¼ Ez ¼ 12:134 GPa; GLT ¼ 8:358 GPa; GLz ¼ 8:358 GPa; GTz ¼
47:756 GPa; mLT ¼ 0:2128; mLz ¼ 0:2128 and mTz ¼ 0:2704. An
isotropic matrix was adopted, with E = 3.252 GPa and m ¼ 0:355.
Layer properties were the following: EL ¼ 159:380 GPa; ET ¼ Ez ¼
14:311 GPa; GLT ¼ 3:711 GPa; GLz ¼ 3:711 GPa; GTz ¼ 5:209 GPa;
mLT ¼ 0:2433; mLz ¼ 0:2433 and mTz ¼ 0:2886. Fig. 11 shows the
modeling approaches considered for this analysis. Both TE (N = 4)
and LE were used for each model. In model 1, the three layers of
the structure were used as the components of the CW approach.
In model 2, the middle layer and the ﬁbers and matrices of the
top and bottom layers were considered as components. The compo-
nents of model 3 are the top andmiddle layers and the bottom layer
ﬁbers and matrices. In model 4, only one single ﬁber–matrix cell
was considered.
Table 5 shows the transverse displacement of the loading point
and the axial stress at the center point of the third ﬁber of the bot-tom layer. This ﬁber is a component in Models 2, 3 and 4. Shear
stress values are reported in Table 6 at two different points, A (ma-
trix) and B (ﬁber). The axial stress along the thickness direction is
shown in Fig. 12 where TE and LE solutions are superimposed.
Shear stress distributions above the clamped cross-section from
LE models are given in Fig. 13. Shear stress results are provided
by means of LE models only, because LEs give higher accuracy for
shear as seen in Carrera and Petrolo (2012b).
The analysis of the results suggests the following:
Fig. 18. Stress distributions above the C-shaped cross section at y = 0 via model 4, ﬁrst loading case.
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tive laws, are signiﬁcantly affected by the choice of modeling
approach. Very different stress ﬁelds were detected depending
on the choice of the components. This was due to the fact that
homogenized material characteristics were used for layers
whereas the characteristics of each component were adopted
for ﬁbers and matrices. These differences are particularly rele-
vant for the matrix stress values.
2. The adoption of localized ﬁber–matrix components (restricted
to a lamina in model 3 or to a ﬁber–matrix cell in model 4)
allows us to use simpler models without considerably affectingthe accuracy of the result if compared to more cumbersome
models. This means that if an accurate stress ﬁeld is needed
around a given ﬁber, the use of ﬁber–matrix components can
be limited to the ﬁber location.
3. Displacement values are less inﬂuenced than stress ﬁelds by the
choice of the modeling approach. The peak value provided by TE
in model 2 is most likely due to the detection of local effects
caused by the point load. The detection of this effect is one of
the enhanced capabilities provided by reﬁned CUF models. This
is a behavior known from previous CUF works (Carrera and Pet-
rolo, 2012a).
Table 10
Vertical displacement, uz [mm], at ½a; L;h=2,
C-shaped beam, second loading case.
Model uz
1 1.161
2 1.211
3 1.071
4 1.130
Fig. 19. Deformed conﬁguration of the C-shaped beam via model 2, second loading
case.
1850 E. Carrera et al. / International Journal of Solids and Structures 49 (2012) 1839–18514. No signiﬁcative differences were observed between TE and LE
results. However, as a general guideline, LE should be preferred
to TE if shear stresses have to be computed.
3.3. Composite C-shaped beam
This section is devoted to the analysis of a more complex com-
posite structure composed by laminates and soft cores. The aim of
this assessment is to exploit the capabilities of the present 1D com-
ponent-wise formulation to analyze typical aeronautical structural
components such as spars or longerons. A cantilevered beam is
considered and its cross-section geometry is shown in Fig. 14.
The components of this structure are the following:
1. Two horizontal unidirectional (UD) top and bottom ﬂanges.
2. A core made of foam.
3. Two 45/+45 vertical thin layers which coat the foam core.
Dimensions are given in Table 7, the length-to-height ratio, L/h,
is ten. Foam was considered isotropic with E = 50 MPa and
m ¼ 0:25. Vertical layers are orthotropic with EL ¼ 40 GPa;
ET ¼ 4 GPa, G = 1 GPa, m ¼ 0:25, the same Poisson and shear mod-
ulus values are used in all directions. UD ﬂanges were modeled by
means of four different conﬁgurations, as shown in Fig. 15; this ﬁg-
ure also presents the cross-section discretization adopted in the LE
models. In the ﬁrst case (model 1), the components of the CWmod-
el are the UD ﬂanges, the vertical thin layers and the soft core.
model 2 and 3 have one ﬁber–matrix cell. Model 4 has all the
top ﬂange modeled with ﬁber–matrix cells. The single cell geome-
try is shown in Fig. 6 and its geometrical data are the following:
d = b = 0.3 mm. The material characteristics of ﬁbers, matrix and
homogenized laminae are the same as those seen in the laminated
beam section.
As ﬁrst loading case, a unitary point load is applied at the bot-
tom surface ½a=2; L;h=2 along the z-direction, Fz = 1 N. Results
were obtained by means of TE (N = 4) and LE models. Table 8 shows
the transverse displacement of the loading point and Table 9 re-
ports the axial stress in a point above the bottom ﬂange at the
clamped cross-section. Figs. 16–18 show the free-tip cross-section
deformation, the free-tip transverse displacement distribution and
stress distributions at the clamped cross-section, respectively.
Stress distributions above the ﬁrst ﬁber–matrix cell of the top
ﬂange are also given.
As second loading case, two opposite unitary point loads are ap-
plied at ½a; L;h=2 along the z-direction, Fz ¼ 1 N. In this case,
only LE models were adopted since TE would require very high
expansion orders to detect correct displacement ﬁelds as shown
in Carrera and Petrolo (2012b). Table 10 presents the transverse
displacement of the top loading point. Fig. 19 shows the 3D
deformed conﬁguration of the structure.
The results obtained suggest the following:
1. As far as the ﬁrst loading case is concerned, LE models provide
larger transverse displacements. This is due to the fact that a
fourth-order TE models is not always enough to deal with thin
walled and/or open cross-sections.2. The different modeling approaches provide similar displace-
ment values in the ﬁrst loading case, whereas more signiﬁcant
differences were observed in the second loading case. In partic-
ular, models 2 and 3 provided quite different values. This is
most likely due to the local effect caused by the different
ﬁber–matrix modeling. In model 2, the point where the dis-
placement was evaluated is in a layer portion of the structure
with homogenized material characteristics. In model 3, the
same point is in the ﬁber–matrix portion where the ﬁber plays
a signiﬁcant role in the local mechanical behavior of the
structure.
3. It is conﬁrmed that stress ﬁelds can be signiﬁcantly different if
different component combinations are considered.
4. The present 1D formulation can detect accurate 3D displace-
ment ﬁelds of thin walled structures under point loads.
4. Conclusions
Different structural problems are discussed in this paper,
including ﬁber–matrix cells, laminated beams and composite C-
shaped beams. Compact and thin-walled structures are considered
under point loads and results are evaluated in terms of displace-
ment and stress ﬁelds. Comparisons with solid models from com-
mercial codes are provided. The component-wise approach (CW)
was introduced. The results obtained suggest the following.
1. The proposed CW approach offers signiﬁcant improvements in
detecting the mechanical behavior of laminated structures in
particular when stress ﬁelds around ﬁber and matrix cells have
to be accurately computed.
2. If only layers are considered as components of a composite
structure, very different stress ﬁelds can be detected if com-
pared to those from a model which includes the real geometri-
cal and material characteristics of ﬁbers and matrices.
3. The present 1D formulation is extremely advantageous in terms
of computational costs if compared to solid models. Moreover, a
global–local approach can be implemented easily since the
same stiffness matrix is adopted to model each component of
the structure.
As a general guideline, the CW approach should be adopted in a
global-to-local analysis scenario where results from globally re-
ﬁned models are exploited to evaluate the most critical areas of a
E. Carrera et al. / International Journal of Solids and Structures 49 (2012) 1839–1851 1851given structure and where locally reﬁned models are then em-
ployed to obtain accurate stress ﬁelds in those critical areas. CW
should also be employed for failure and damage analysis in future
investigations. It is important to underline that the present work
deals with linear analysis. However, as far as failure and damage
analyses are concerned, nonlinearities-both geometrical and mate-
rial-can play fundamental roles. The extension of CUF 1D models
and CW to nonlinearities should be one of the future tasks to be
undertaken. Computational advantages from CUF 1D can be even
more evident in a nonlinear scenario where iterative strategies
are needed.
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